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ABSTRACT 

T h i s  memorandum d e a l s  w i t h  some e x t e n s i o n s  t o  
Goldman's h y d r o e l a s t i c  model for  a liquid prepella~t coii- 
t a i n e d  i n  an e l l i p t i c a l  t a n k .  These e x t e n s i o n s  w e r e  
s p e c i f i c a l l y  r e q u i r e d  t o  make t h e  model s u i t a b l e  f o r  u s e  
i n  a v i b r a t i o n  s t u d y  o f  t h e  Sa tu rn  S-IVB stage.  

The ex tended  model can hand le  c o n f i g u r a t i o n s  
where t h e  p r o p e l l a n t  level  i s  above ( o r  below) t h e  lower  
bulkhead .  A l s o  t h e  l o c a t i o n  of t h e  boundary p o i n t s  
( m a s s  p o i n t s )  can  be  chosen  by t h e  u s e r .  T h i s  g r e a t l y  
s i m p l i f i e s  t h e  c a l c u l a t i o n  of t h e  s t i f f n e s s  m a t r i x  of t h e  
p r o p e l l a n t  t ank .  

A computer program, ETANK2, f o r  computing t h e  
l i q u i d  mass m a t r i x  co r re spond ing  t o  t h i s  ex tended  model 
i s  d e s c r i b e d  and a sample problem i s  s o l v e d  u s i n g  t h i s  
program. 
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In the longitudinal vibration analysis of liquid 
fueled rockets a hydroelastic model is used to give an 
accurate representation of the liquid propellant. 

A hydroelastic model was developed in [ l l  for the 
case of a liquid propellant contained in an elliptical tank. 
For use in an S-IVB longitudinal vibration study the model 
was generalized to handle: 

(a) liquid levels greater than half full and 

(b) variable boundary point (mass point) locations. 

The second extension is valuable as it greatly simplifies 
the stiffness calculation for the propellant tank and, 
therefore, for the total vehicle. 

These extensions and a computer program (ETANK2), 
written to compute the liquid mass matrix corresponding to 
this extended model, are described in this memorandum. A 
sample problem is solved illustrating the use of the program. 

THEORETICAL BACKGROUND 

Following a development similar to that given in 
[ l l  or [ 2 ]  it can be shown that the liquid mass matrix, M, 
has the form 

M =  a R 3 p  [CQ + 
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Here R i s  t h e  maximum t a n k  r a d i u s  ( i n  a p l a n e  p a r a l l e l  t o  t h e  
f r e e  s u r f a c e ) ,  P i s  t h e  l i q u i d  m a s s  d e n s i t y ,  G i s  a s u r f a c e  
i n t e g r a t i o n  m a t r i x  and Q i s  a m a t r i x  r e l a t i n g  t h e  l i q u i d  
v e l o c i t y  p o t e n t i a l  ( + )  t o  t h e  normal v e l o c i t y  (v)  a t  t h e  N 
boundary p o i n t s ,  i . e . ,  

- 

N 
Q. . v .  (i = 1 , N )  . 
17 7 +i = 

j=1 

1 The m a t r i x  c o n s i s t s  of two p a r t s ;  a m a t r i x  

which i s  the s u r f a c e  i n t e g r a t i o n  m a t r i x  for t h e  l o w e r  b u l k -  
head and a m a t r i x  c, which i s  t h e  co r re spond ing  m a t r i x  f o r  

- t h e  w e t t e d  area of  t h e  upper bulkhead .  The c a l c u l a t i o n  o f  
G1 or  
be  d i s c u s s e d  h e r e .  

i s  p a r a l l e l  t o  t h a t  g i v e n  i n  [ l l  f o r  E ,  and w i l l  n o t  2 

The m a t r i x  Q i s  o b t a i n e d  through a f i n i t e  d i f f e r e n c e  
s o l u t i o n  of L a p l a c e ' s  e q u a t i o n .  I n  [ l ]  t h i s  w a s  c a r r i e d  o u t  
u s i n g  a uniform mesh f o r  t h e  f i n i t e  d i f f e r e n c e  g r i d .  Conse- 
q u e n t l y  t h e  l a y o u t  of  t h e  boundary p o i n t s  (which are de termined  
by t h e  i n t e r s e c t i o n  of  t h e  g r i d  l i n e s  w i t h  t h e  t a n k  wel l )  i s  
f i x e d .  I n  p r a c t i c e  t h i s  l a y o u t  i s  n o t  a lways c o n v e n i e n t  f o r  
v i b r a t i o n  a n a l y s i s .  For  i n s t a n c e  it may happen t h a t  two of  
t h e  p o i n t s  are r e l a t i v e l y  close t o g e t h e r .  T h i s  can l e a d  t o  
i l l - c o n d i t i o n i n g  of t h e  tank  s t i f f n e s s  m a t r i x .  Fur thermore ,  
e v e r y  t i m e  t h e  l i q u i d  l eve l  i s  changed t h e  boundary p o i n t  
l o c a t i o n s  change and a new s t i f f n e s s  m a t r i x  m u s t  be computed. 
I n  t h e  program ETANK2. t h e s e  problems are overcome by u s i n g  
a non-uniform mesh f o r  t h e  f i n i t e  d i f f e r e n c e  g r i d .  The 
d e t a i l s  of how Q i s  c a l c u l a t e d  u s i n g  t h i s  t y p e  of g r i d  a r e  
g i v e n  i n  [ 3 ] .  

CAPABILITY OF PROGRAM 

The program, E T A N K 2 . ,  i s  des igned  t o  compute t h e  
m a s s  m a t r i x  f o r  a l i q u i d  con ta ined  i n  an e l l i p t i c a l  t a n k  of 
t h e  type  shown i n  F i g u r e  1. The t a n k  c o n s i s t s ,  i n  g e n e r a l ,  
o f  two unequal  p a r t i a l  e l l i p s o i d s  w i t h  c e n t e r s  a t  01 and 0 2 .  
The l i q u i d  i s  assumed t o  be i n c o m p r e s s i b l e  w i t h  a f r e e  s u r -  
face anywhere between t h e  t o p  and bot tom of t h e  t a n k .  The 
boundary p o i n t  l o c a t i o n s  can be  chosen a r b i t r a r i l y  e x c e p t  
when t h e  f r e e  s u r f a c e  i s  i n  t h e  upper  bulkhead .  Then boundary 
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p o i n t s  must be  a s s i g n e d  on t h e  wetted s u r f a c e  of t h e  upper  
bulkhead ,  which are v e r t i c a l l y  above co r re spond ing  p o i n t s  
on t h e  lower bulkhead.  N o  boundary p o i n t  i s  r e q u i r e d  a t  t h e  
f r e e  s u r f a c e  and t h e  free s u r f a c e  need n o t  i n t e r s e c t  t h e  
upper  bulkhead on a g r i d  l i n e .  

PROGRAM DESCRIPTION 

A f low c h a r t  showing t h e  main s t e p s  i n  t h e  computa t ion  
i s  shown ir; Appendix A. Here t h e  v a r i a b l e s  A and z are t h e  
normal ized  v a l u e s  of r and f o r  t h e  chosen boundary p o i n t s ;  
ct and 8 are t h e  h o r i z o n t a l  and v e r t i c a l  mesh d i s t a n c e s  f o r  t h e  
f i n i t e  d i f f e r e n c e  g r i d .  

I n  o r d e r  t o  conserve computer s t o r a g e  and r educe  
runn ing  t i m e  a "Block Gaussian' '  e l i m i n a t i o n  scheme [ 3 ]  h a s  
been used i n  t h e  computation o f  t h e  Q m a t r i x .  I n  t h i s  scheme 
t h e  Q m a t r i x  i s  o b t a i n e d  by i n v e r t i n g  a series o f  matrices 
whose maximum dimension does n o t  exceed t h e  dimension of  Q 
i t s e l f .  ( I n  g e n e r a l  one has t o  i n v e r t  a m a t r i x  dimension 
e q u a l  t o  t h e  t o t a l  number of g r i d  p o i n t s  t o  o b t a i n  Q . )  The 
programming d e t a i l s  for  t h i s  r e d u c t i o n  d i f f e r  s l i g h t l y  
depending upon whether  t h e  l i q u i d  f r e e  s u r f a c e  i s  i n  t h e  
lower o r  upper  bulkhead.  The d e t a i l s  f o r  t h e  former are 
g iven  i n  Appendix B. 

I N P U T  FORMAT 

The i n p u t  t o  t h e  program i s  i n  t h e  NAMELIST fo rma t  
as fo l lows :  

$INPUT 

A1 = Semi-major a x i s  of l o w e r  e l l i p s o i d ,  

B 1  = Semi-minor a x i s  of lower  e l l i p s o i d ,  

A2 = Semi-major a x i s  of  upper  e l l i p s o i d ,  

B2 = Semi-minor a x i s  of  upper  e l l i p s o i d ,  

2 4 2  = Dis tance  o f  o r i g i n  0 2  below 01, 

N = T o t a l  number o f  boundary p o i n t s  p l u s  one f o r  
t h e  free s u r f a c e ,  
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NA I\rrb.r of b0rond.y p i n t a  on the lower ellip8oid 
(plw one i f  tho f rn  m\rrfaos i m  i n  the l w m r  
elliproid) 
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APPENDIX-A 

COMPUTE Q BY BLOCK GAUSSIAN 
ELIMINATION (LIQUID LEVEL 
ABOVE LOWER BULKHEAD) 

FLOW CHART 

- 

START P 
READ INPUT DATA + 

COMPUTE NORMALIZED 
VARIABLES h & z i 

1 
I I COMPUTE c!'s,fi'> FOR 

1 AND ANGLES OF NORMAL 
F!?!!TE D!FFERENCF GRID,  

I 

PRINT cy, fi, & ANGLES -i 
HALF OF TANK 

I YES I 

COMPUTE FOR UPPER 
HALF OF TANK 

t -  
ASSEMBLE TOTAL G MATRIX 

PRINT MATRIX 

1 

10 
COMPUTE y's. 0's. e's & d's FOR USE 

11 

12 
COMPUTE Q BY BLOCK GAUSSIAN 
ELIMINATION (SEE APPENDIX B) 

13 

14 

15 

16 

17 

18 

19 

20 

A GO TO w 

I COMPUTE NORMAL LlOUlD 
MASS MATRIX I 

1 
I PRINT NORMAL MASS MATRIX I 

1 
1 

COMPUTE TRANFORMATION FROM 
NORMAL TO 2 & R COORDINATES 

I 
COMPUTE Z & R LIQUID MASS 
MATRIX 

I PRINT Z & R MASS MATRIX I 

I 
I MAKE TOTAL MASS CHECK I 



APPENDIX B 

BLOCK GAUSSIAN ELIMINATION SCHEME 

(Case o f  L iqu id  F ree  S u r f a c e  i n  Lower Bulkhead) 
i 

The main s t e p  i n  t h i s  p r o c e s s  i s  t o  compute 

'L %-l 
= Ak+l  - Bk+l Ak Ak+l  ck  , k = 1 , 2  ,...,N-2 

'k 

Using one temporary a r r a y  ( t i j ) ,  of 

where Ak+l i s  a (k+l) x ( k + l )  d i a g o n a l  matr ix ,  and Bk,  

a re  b i - d i a g o n a l  matrices d e f i n e d  by t h e  v e c t o r s  y ,  6 ,  b ,  c 
(see Reference [ 3 ]  ) . 
s i z e  a t  l e a s t  ( N - 1 )  x (N-l), t h e  r e d u c t i o n  i s  programmed as 
f o l l o w s :  

-1 -1 1 = A 1  S e t  tll = (T + - 2 
"1 B1B2 

For  k = 1, 2, ..., N-2 
i = 1, 2 ,  ..., k - 

t j  , k + l  - t i k  Ck 

t i j  t i , j - l  j-1 +- t i j  Y k - j + l  

til - - Ykti j  

j = k ,  k-1, ..., 2 
C - - 'G = 1, 2, ..., k 

i =  1, 2 ,  ..., k 

%-l 
Ak 'k 

I f  k = N - 2 ,  go t o  f i n a l  r e d u c t i o n  



- B2 - 

- b k + l t k ,  I j = 1, 2 ,  . . . I k + l  

i = k, k-1, ..., 2 
j = 1, 2 ,  ..., k + l  

1, 2, ..., k + l  

1 - *  tll 
"1 

1 - tii , i = 2 , 3 ,  ..., k + l  
i-l"i %-i+2'k-i+-3 

i + j ,  i , j  = 1, 2 ,  ..., k + l  

- 
Ak+l 

Replace T by T - l ,  i n c r e a s e  k.  

F i n a l  Reduc t ion  

5-1 
( T  = %-zCN-2 computed above) 

N-1 , j = 1, 2, ..., N - 1  
cos R 

- - -  
tN-2  , j 

a N-2 
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cosn s inRi  

i-1 ' N - 1  
- -  i +  tii , i = 2 ,  3 ,  ..., N - 1  - 

tii a 

Replace T by T - l .  Then Q = (q i j )  w h e r e  

- - , i , j  = 1, 2 ,  ..., N - 1  q i j  t N - i ,  N - j  



APPENDIX C 

SAMPLE PROBLEM 

The configuration for this problem ir shown in 
Figure l a  The dimsnuionr of the tank carrerpond to that 
of the S-IVB liquid oxygen trnk. 
oxygen and the free rurfaoe i 6  20 inohau above 01 ( i a e e ,  

ZEP:(N) = 9 2 0 a ) a  
to 21 degrees of freedom for the Z&R maru matrix. 

The propellant i 8  liquid 

The number o f  mar8 paint6 i 8  11 which load8 

The computer print out i 8  shown on the following 
pages, note that for tne %OR mas8 matrix the ordering of 
t h e  degrees of freedom i 8 r  21, R1, 22, R2, 8 3 ,  R 3 . a .  210, 
R10, 211. 

The term CMAS8 = 493.961 lhf in/iec2 i r  the total 
ma68 of the liquid found from the tGR mar6 matrix, Thir a m  
be used ar  a oheok on the acouraoy of the computed mas6 mtrir. 
For the configuration considered here the theoretical marr, 

TMASS = -3 o*ooo106rr { 2(88,75)  2(390-88.75) .. (27a5)2(390027a5) 

= 4 9 6 . 3 4 8  lbf in/reo2 

Hence the computed maim i r  0 ,6 t  low. 
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